In layered cuprates, the application of an in-plane magnetic field (H) changes the c-axis optical sum rule and superfluid density ρ s . For pure incoherent caxis coupling, H has no effect on either quantities but it does if an additional coherent component is present. For the coherent contribution, different characteristic variations on H and on temperature result from the constant part (t ⊥ ) of the hopping matrix element and from the part (t φ ) which has zero on the diagonal of the Brillouin zone. Only the constant part (t ⊥ ) leads to a dependence on the direction of H as well as on its magnitude.
A conventional c-axis optical sum rule 1 has been observed in some high-T c cuprates such as optimally doped YBCO, 2 while in others, such as underdoped YBCO, it is violated. The sum rule is formulated in terms of the missing area at finite energy ω under the real part of the optical conductivity when the sample becomes superconducting. In the conventional case this missing spectral weight (∆N) shows up as the superfluid density (ρ s Information on the nature of the interlayer coupling can also be obtained from other measurements. For example, it was recognized 4 that the temperature (T ) variation of the c-axis penetration depth would mirror the observed in-plane linear T dependence, if the c-axis coupling is coherent with a constant matrix element t ⊥ . However, studies 5, 6 of atomic overlapps between CuO 2 planes through which c-axis tunneling occurs, have shown that the chemistry involved leads to a matrix element t(φ) which has d-wave symmetry and is given by t φ cos 2 (2φ), where φ gives the direction of the momentum k in the 2-dimensional CuO 2
Brillouin zone. In general, there could be a contribution from both a constan t ⊥ and t(φ).
For the case of t(φ), the low T dependence of the resulting ρ s (T ) for a d-wave superconductor is T 5 (See Ref. 5 ). Such a dependence on T has been observed in a recent experiment 7 on Bi2212 indicating that t(φ) is the dominant coherent matrix element. While this experiment favors a T 5 , some small contribution from a constant t ⊥ and from some incoherent transfer, which gives a T 3 law, 4,8 cannot be ruled out. In fact, there is strong evidence from the c-axis quasiparticle tunneling work 9 on mesa junctions of Bi2212 that there is a significant t ⊥ part in the coherent matrix element.
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In this paper we investigate the effect of an in-plane magnetic field H on the c-axis sum rule and on the corresponding superfluid density. The aim is to see if additional information on the nature of the c-axis coupling can be obtained from such experiments. We consider a general coherent c-axis coupling matrix element [t ⊥ (k) = t ⊥ + t φ cos 2 (2φ)] as well as impurity mediated transfer from plane to plane.
We begin with the Hamiltonian H = H 0 + H c , where H 0 describes a d-wave superconductor in the plane and H c gives the c-axis coupling from plane to plane
. , where C + iσ (k) creates an electron in plane i of momentum k and spin σ, and t k−p is the hopping amplitude between plane 1 and 2. For coherent
For impurity assisted hopping t k−p = V k−p , where V k−p is the impurity potential, and in-plane momentum is not conserved once a configuration average over impurities is carried out.
Consideration of c-axis electrodynamics leads directly to a relation for the superfluid density ρ s ; namely, ρ s = ∆N + K with the missing area ∆N = 8 The effect of an in-plane magnetic field on the c-axis kinetic energy difference can be expressed in terms of the Green's function G(k, ω) and the corresponding Gorkov function F (k, ω). We assume that the field penetrates freely into the sample so that it is uniform between CuO 2 planes. 10 First, we consider the case of coherent c-axis coupling t ⊥ (k). The c-axis kinetic energy is
whereω = ω + γsgnω with fermionic Mastubara frequency ω, γ is an effective impurity scattering rate modeled as a constant for simplicity, and q = (ed/2)ẑ × H withẑ a unit vector along the c-axis. The Green's functions in Eq. (1) with k + q involve the quasiparticle
Here, ξ k is energy spectrum measured with respect to the Fermi energy and ǫ q = qv F cos(φ − θ q ) with the Fermi velocity v F and θ q the direction of q. Note that θ q = θ + π/2 can be interpreted as the direction of H (θ)
because of the symmetry in the problem.
The difference H c s q − H c s turns out to be, after some algebra,
The correction to Eq. (2) is For incoherent coupling, the same conclusion applies but for simpler reason. In this case
where
and there is no change in kinetic energy.
The superfluid density ρ s is ρ s = ∆N + K. In the presence of an in-plane field, the superfluid density (ρ s,q ) becomes ∆N q + K q , where ρ s,q = ρ s + δρ s , ∆N q = ∆N + δ∆N,
Since δK = 0, we find δρ s = δ∆N. The conductivity sum rule (or the normalized missing spectral weight) is
For pure coherent coupling, ∆N/ρ s = 1, and for pure incoherent coupling, δρ s = 0; therefore, the sum rule is not changed by H. However, if both are present, the sum rule is changed because δρ s = 0 from the coherent contribution, and ∆N/ρ s = 1 from the incoherent part.
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We next compute the change in superfluid density in the presence of H only for coherent coupling because H has no effect for incoherent coupling. For a constant t ⊥ , the superfluid
cylindrical Fermi surface, we obtain, as T → 0,
where Ψ
(1)
where χ(E) = tanh(E/2T )/E. For general coherent coupling, we simply replace t
. Applying the nodal approximation 12 to the general case for T ≪ ∆ 0 , we obtain, at H = 0, for a pure case
⊥ contribution is linear in T as expected and the t 2 φ goes like T 5 , a well known result. 5 The t ⊥ t φ cross term gives T 3 just as does the impurity mediated contribution. 8 In the above expression,
here on we will use the notation ρ The numerical data for the t 2 φ case fit well an H 2 law at small H. The last curve in Fig. (1) which is labeled by (2) refers to the cross term 2t ⊥ t φ cos 2 (2φ). It also fits an H 2 . Thus the constant t ⊥ part in t ⊥ (k) is most effective in producing a change in ρ s,q in the presence of
H.
It is instructive to derive an approximate, but analytic expression at T = 0, for the H dependence of ρ s,q just discussed. We start from the temperature-independent part of Eq. (6). Applying a nodal approximation 12 should be reasonable for the difference between ρ s,q and ρ s (0). In this approximation, k → node J pdpdϑ, where
after an appropriate coordinate transformation. The integration over p is to be limited to the nodal region with cutoff p 0 of order ∆ 0 . The quasiparticle energy E k = ξ 
We choose ∆ 0 = 2.14 T c , then ρ 
Similarly, for both t(φ)
2 and t ⊥ t(φ) term, we obtain ρ
, where i = 2 and 3. Consequently, in the presence of the in-plane magnetic field along the antinode, the ǫ q dependence of ρ s,q is |ǫ q | for the t 2 ⊥ term, and ǫ 2 q for both t ⊥ t(φ) and t(φ) 2 terms.
Even if H is in the nodal direction, the ǫ q dependence of ρ s,q does not change; however, the coefficient of |ǫ q | (or ǫ 2 q ) becomes smaller because the field has no effect on the quasiparticle with φ n ≃ θ ± π/2.
While in Fig. (1) we took the field along the anti-nodal direction, in Fig. (2) we show additional results as a function of θ in the range 0 to π for specific values of ǫ q . The pattern obtained has four fold symmetry for a d-wave gap. Note that the underlying symmetry of the problem ensures that ρ s,q is periodic in π/2 as is the quasiparticle conductivity. 10 The thin solid line is for a constant t 2 ⊥ with ǫ q = 0.1T c , γ = 0, and T = 0 while the thick solid line is for ǫ q = 0.2T c (higher magnetic field). At all angle θ, ρ s,q is reduced over its zero field value. There is a minimum along the anti-nodal direction and a maximum along the nodal direction. In fact, for H along the node it can be shown by an application of the nodal approximation that ρ (1) s,q /ρ (1) s (0) = 1 − (π/16)ǫ q /∆ 0 . Note that the ratio of anti-nodal to nodal reduction in ρ s,q is √ 2 which is verified in our complete numerical calculations. This happens because the superfluid density depends on |ǫ q | for a constant hopping amplitude.
Temperature and impurities will have an effect on the four fold symmetry pattern shown in Fig. (2) . The first short dashed curve is for ρ More information on the effect of temperature, impurities and the magnetic field on the superfluid density for the t 2 ⊥ case is given in Fig. (3) . All curves are for the field along the anti-node (except the solid curve in the lower inset, which is for the field along the node).
The solid curve is for comparison and gives the T dependence of ρ We can obtain analytic results for the T dependence of ρ s,q (T ) = ρ s,q + δρ s,q (T ). We start with the constant t 2 ⊥ case. Applying the nodal approximation already described, when the field is along an anti-node we obtain δρ
5 , which goes like
Similarly, we have, for t ⊥ t(φ), δρ
For incoherent coupling, ρ s,q (T ) = ρ s (T ) and its dependence remains T 3 as shown in Ref. 8 For coherent coupling, H along an anti-node changes the T dependence of the superfluid density as follows:
. This means that the in-plane field has no effect on quasiparticles with φ n = 3π/4, 7π/4. Consequently, ρ s,q (T ) ∼ ρ s (T ) for H along a node. This is shown in the lower inset of Fig. (3) . The solid curve is for the nodal direction while the dashed curve is along the anti-node. The anisotropy disappears for T > 0.1 T c .
It is clear from our analysis that a contribution to ρ s,q from a small t 2 ⊥ term will lead to anisotropy in ρ s,q as a function of the orientation of H, and be linear in H for small field. In the pure case, its dependence is linear in T going over to T 3 at finite field along an anti-node with T < ǫ q (magnetic energy). These characteristic variation are quite distinct from those predicted for a t(φ) 2 term or for the cross term t ⊥ t(φ). In both these cases there is no anisotropy at T = 0 and the changes with H are quadratic (ǫ 2 q ). In the pure case with zero field, the T variations are T 5 and T 3 , respectively, and go over to T 7 and T 5 at finite field for T < ǫ q . These characteristic laws should help constraint further the relative magnitude of t ⊥ , t φ and also of incoherent coupling. In this last instance, there is no effect of H and the T 3 remains at finite field and low T .
In conclusion, we have considered the effect of an in-plane magnetic field H on the caxis sum rule and superfluid density(ρ s,q ). We have assumed that the in-plane dynamics can be described within a Fermi liquid theory. If the c-axis coupling is coherent, the sum rule remains conventional and unaffected by the application of H but ρ s,q itself is reduced with increasing H. The reduction with H depends on the exact functional form of the c-axis coherent coupling and is different for a constant matrix element t ⊥ and t(φ) = t φ cos 2 (2φ). In the first instance, to leading order, it varies like H (magnitude of H) while in the second like
If, however, the c-axis transport is incoherent, then both the sum rule and ρ s,q remains unchanged. When both coherent and incoherent interlayer transfer contribute, both the sum rule and ρ s,q will change with H. The change in ρ s,q comes only from the coherent part.
For the case of coherent c-axis coupling with a constant t ⊥ , the change in ρ s,q depends on the direction of H with respect to the nodes. For H along an anti-nodal direction ρ s,q is minimum while it has a sharp maximum when H is along a nodal direction. This anisotropy in ρ s,q is reduced when impurities are present or when the temperature is increased. For the case of t(φ), the contribution to the transport coming from the nodes is eliminated and the anisotropy disappears. The incoherent coupling contribution also gives an isotropic response because in this case momemtum is not conserved and, correspondingly, the momentum shift caused by H is immaterial. 
